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Accurate and fast characterization of the micron-sized plastic
particles in aqueous media requires an in-depth understanding
of light interaction with these particles. Due to the complexity
of Mie scattering theory, the features of the scattered light
have rarely been related to the physical properties of these
tiny objects. To address this problem, we reveal the relation of
the wavelength-dependent optical scattering patterns with the
size and refractive index of the particles by numerically
studying the angular scattering features. We subsequently
present a low-cost setup to measure the optical scattering of
the particles. Theoretical investigation shows that the angular
distribution of the scattered light by microplastics carries
distinct signatures of the particle size and the refractive index.
The results can be used to develop a portable, low-cost setup
to detect microplastics in water.

1. Introduction

Within 50 years following the first reports on microplastic pollution
in water resources and oceans, microplastics have become a global
problem [1-3]. In the last decade, the number of microplastics in
oceans and water resources has reached levels that cannot be
underestimated. Once these pollutants are released into the seas or
clean water sources, they eventually integrate with the marine
food chain and affect the ecosystem [45]. Detecting these
microparticles in commercial seafood proved that human exposure
to microplastics via the food chain and water consumption
threatens human health [6-9].

The primary sources of microplastic particles are chemical
wastes, including toothpaste, detergents, cosmetics, clothes, etc.
and the secondary sources of microplastics are mechanical
degradation of bigger plastics over time [10-14]. In addition, the
existence of microplastics has been proven in different
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environments, i.e. air, human blood, baby diapers, table salt, honey and sugar [15-23]. Air also carries n

microplastics as a part of the water cycle. Evaporated water moves pollutants to the air, and via
breathing the human body is affected by those particles. As an alternative, rains bring back those
pollutants to the ground. So, once those pollutants accumulate in the resources, detecting and
eliminating them is difficult. Therefore, classification and definition of the origin of those microplastics
are crucial to take precautions at zero-point. The cost-effective detection of microparticle pollution in
the water can enable on-site analysis before any hazardous consumption [24]. The classification of
microplastics in liquid media is a challenging task due to the variations in shape, size, concentration,
and distribution of the particles.

Regarding the theoretical analysis of a sample with only one type of material, multiple scattering
should be considered due to the enormous number of particles. The analytical solution to this
problem is highly complex. Scattering theory is one of the most common methods to characterize
particles in aqueous media [25].

Mie scattering theory, named after German physicist Gustav Mie, is a fundamental concept in optics
that describes the interaction between electromagnetic radiation and spherical particles. It provides a
mathematical framework for comprehending the scattering of light or other electromagnetic radiation
by particles of comparable size to the incident radiation’s wavelength. Mie scattering theory considers
both the incident wave and the scattered wave as a series of spherical wave components, and it
accounts for various parameters such as particle size, refractive index, and polarization of the incident
light [26-30].

Although Mie’s theory provides scattering cross-sections in terms of angular intensity functions of a
single homogeneous sphere, the calculations get complicated when the number of scatterers increases,
even if they are identical.

The plastic particles having a size between 1 pm and 5 mm are termed microplastic, whereas particles
less than 1 pm are called nano plastics. Many studies report the toxicity of microplastics and nano
plastics, emphasizing a demand for a consistent and reliable methodology to detect and characterize
those pollutants [31-33]. At high concentrations of microparticles, the effect of multiple scattering
from numerous particles would be unavoidable. At lower concentrations, however, the optical
scattering may be approximated to single-particle scattering allowing for theoretical analysis. With
this motivation, here, we aim to obtain a low-cost measurement setup to record the optical scattering
patterns of microparticles in water. We used the Mie theory for a single particle and single scattering
event to estimate the optical response of the particles by focusing on the particles having a size of 1-
10 pm. The acquired scattering images are subsequently processed to obtain angle-dependent relative
scattering intensity, where the effect of the particle size and refractive index on the optical scattering
patterns are analysed and compared. This low-cost setup and the image processing tool can be further
optimized into a portable system to detect microplastics in water.

2. Theory

Mie scattering theory enables the prediction and interpretation of scattering patterns, such as the
intensity, phase, and angular distribution of the scattered radiation, by solving Maxwell’s equations
for electromagnetic waves interacting with spherical particles. This theory has applications in
numerous disciplines including atmospheric physics, aerosol science, remote sensing, and nanoparticle
research [34-36]. To analyze the scattering from micro-sized particles, we employed the Mie scattering
cross-sections. The derivation of these cross-sections obtained using the equations given in [27-30]
was presented in electronic supplementary material.

In Mie theory, differential scattering cross-sections (04, and o}y;) are defined as given in equations
(2.1) and (2.2)

A2 )
oy = a2 151(0)%, (21)
and
/ )‘2 2
OHH = 13 5200, (2.2)

where A is the wavelength of incident light beam and the subscript VV refers to vertically polarized
incident light and vertically polarized scattered light with respect to the incident scattering plane.
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Similarly, HH refers to horizontally polarized incident light and horizontally polarized scattered light.
The remaining pairs, VH and HV, have extremely insignificant contributions which are ignored in
general [29,37,38]. Scattering intensity functions, S; and S, are defined by vertically and horizontally
polarized incident light which are given in equations (2.3) and (2.4), respectively.

51(0) Z z(n :1: l) [an 7711(COS 0) + bnTn(COS 0)]/ (23)
and
5,(6) = E 2(” i 15 10.7,(c0s )+, (cos O, (2.4)

where m, and 7, express Legendre polynomials as given in equations (2.5) and (2.6), respectively.

(1)
m(cos ) — L1050 (2.5)
sin 0
and
(1)
Ta(cos 6) = w, (2.6)

where parameters a, and b, are defined as given in equations (2.7) and (2.8), respectively.

”med\I’,n (npartx)q,n () — npartq}n (”partx)wln(x)
nmed\lﬂn(npartx)gn(x) - npartwn(npartx)(n(x) !

n =

2.7)

and

npartqu1(npartx)‘lfn(x) - nmedqfn(npartx)\lf;(x)
npart\lf;(npartx){n(x) - nmed\lfn(npartx)g,n(x) ’

b, = (28)
where 7pa is the refractive index of the particle, 71meq is the refractive index of the medium, and size
parameter, x, is defined by equation (2.9),

2N med

X=—— (2.9)

where A is the wavelength of the incident light. The Ricatti-Bessel functions, ¥, and { are defined by the
half-integer-order Bessel function of the first kind as in equations (2.10) and (2.11), respectively, where

1/2
V@ = () i@, (2.10)

and
az\ 1/2
£,(2) = (7) Hy10(@) = W,(2) + X, (2). (2.11)

H,11)2(2) is the half-integer-order Hankel function of the second kind and X,(z) is defined by
half-integer-order Bessel function of second kind (N,1/2(z)) as presented in equation (2.12),

z\ 1/2
Xu(2) = —(7) N2 (2.12)

Using the equations given above, the differential scattering cross-sections (o{y and ofyy) are
calculated and their average represents the randomly polarized (unpolarized, o’ ,,) incident light
differential cross-section. We identified the angles of the first four scattering peaks using MATLAB's
built-in function to find peaks theoretically.

3. Numerical method

In literature, small particles are approximated to spheres to make analytical solutions possible and
decrease the computational cost of numerical solutions. It is already complicated to solve scattering
equations in multiple scattering regimes. If features such as surface roughness and the shape of the
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particles come into play, it would be challenging and costly to obtain an exact solution. Thus, in this
study, as is common in the literature, we did calculations and simulations for spherical particles in a
single particle regime [39,40]. Although it sounds inappropriate to use single scattering equations for
a case involving many particles, as the study considers interference ring angles, the match between
theory and experiments shows that it is possible to use the same equations. The details and results
will be explained in the following parts.

For numerical calculations, to avoid complexity of the Ricatti-Bessel functions ¥, and ¢, the Lorenz-
Mie coefficients (equations (2.7) and (2.8)) are rewritten in a form containing only their ratios between
them as given in equations (3.1) and (3.2) [41].

_ W, (%) Mimea An (npartx) - npartAn (x)
gn(x) nmedAn(npartx) - npartBn(x) ’

a, (3.1)

and

b — W, (x) npartAn (npartx) — Nmed A (X)
! gn(x) npartAn(npartx) - nmedBn(x) ’

(3.2)
Here, A, and B, are logarithmic derivatives of W¥,(z) and {,(z) as presented in equations (3.3) and
(3.4), respectively:
Ay = W,0)/¥,), (3.3)
and

Bn = édn(Z)/f,,(Z) (34)

The ratio A, is only numerically stable with downward recurrence. Therefore, equation (3.5) is
employed for its evaluation [41].

Au2) =

n+1 n+1 -1
- ( Z +An+l (Z)> . (35)
Even though equation (3.5) is valid for the ratio B,, it is regrettably unstable for both upward and
downward recurrences [42]. For B,, a different formula has been devised [43] in the field of multi-
layered particles embedded in a non-absorbing medium. Any complex argument is numerically stable
with upward recurrence [43]:

B,(@) = A, + m (3.6)
and
V@450 = V1@ 1@ (5~ A @) (% - Bia@). (37)
Equations (3.1) and (3.2) require a recurrence relation for the ratio ¥, (z)/{,(2).
V,(z) V1) Bu2) +n/z (3.8)

gn(z) B gn—l(z) An(2) + Vl/Z'

The amplitude functions, equations (2.3) and (2.4), are defined by an infinite sum; therefore, in order
to obtain a reasonable approximation, an appropriate number of terms, M, must be determined. This is
also required to initialize the downward recurrence (equation (3.5)) that computes A, (x) and A, (nparx). A
formula for determining M, supported by empirical [43,44] and theoretical [42] evidence, is

M = [|x| + plx["/?], (3.9)

where p=4.3 gives a maximum error of 1078. It is possible to calculate an approximate initial value for
the downward recurrence (equation (3.5)), but, as explained in [45], the recurrence is not sensitive to the
initial value, and therefore it can be arbitrarily chosen as Ap(z) = 0.

Once Ay(2), ... ,Am(z) have been calculated for z = x and z =y, it is possible to find the ratios B, (x)
and V¥, (x)/{,(x) as well as a, and b,. There is no need to store B,(x) and V¥,(z)/{,(z) since they are
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computed using upward recurrences (equations (3.6)—(3.8)). These recurrences should be initialized by

By(2) =i, (3.10)
V@4 = 51 —¢™), (3.11)
and Wy(2)/4(2) = %(1 — %), (3.12)

Recall that the wavelength A and size parameter x have a direct relationship. This indicates that the
Lorenz-Mie coefficients are wavelength-dependent and should be sampled at various wavelengths. They
also depend on the particle radius r, and are applicable to spherical particles of arbitrary size as long as
they do not exhibit diffuse reflection (which is only possible if the particle size considerably exceeds the
wavelength, although the particle surface may still be smooth [28]). As input parameters for computing
the optical properties of a scattering material, the properties of each particle inclusion and the host
medium are necessary. This robust method of calculating the Lorenz-Mie coefficients permits the
calculation of scattering amplitudes S; and S, (equations (2.3) and (2.4)). These allow for the
calculation of extinction and scattering cross-sections as well as the particle’s phase function.

Using MATLAB, we embedded all equations into a function to calculate angular scattering
distribution by a particle [46]. The inputs of the functions are the diameter of the sphere, wavelength
of incident light, and refractive indices of the sphere and the medium. At the output differential
scattering cross-section data and first four scattering peak angles were obtained up to 21.8° to match
the experimental results. Considering the wavelength of the incident light, we determined the
refractive index of the medium, which is that of water in this study.

The function calculates the peak angles of bright rings on the scattering pattern within the
determined angular range. These results were used to plot the scattering intensity with respect to
angle from 5° to 21.8°. This range of angles depends on the distance of the screen from the sample
and the size of the screen. It is possible to have scattering information of wider angles by enlarging
the screen and placing it closer to the sample. However, the intensity of scattered light would go
lower through the outer angles. Increasing the light power would cause saturation at the centre.
Therefore, the results are analysed starting from 5° to remove saturation risks. The size of the screen
and settlement of the setup provided the maximum limit of 21.8° and in that region four or five peaks
are observed. Since we are able to clearly distinguish individual scattering rings within this angular
range, we analysed our experimental and theoretical results in this range.

To account for the refraction event while the light passes from the aqueous medium to air, we
employed Snell’s law. We calculated the angular distribution of the scattered light in the air. For this
calculation, we used the refractive indices of the water at the corresponding wavelength and air in
addition to the angular distribution of the scattered light in water.

4. Experiment

For the measurements, at room temperature (22°C), the laser power was kept at 170 pW for collimated
red, green and blue lasers, commercially available CPS405, CPS520 and CPS650F-THORLABS,
emitting at 405 nm, 520 nm and 650 nm, respectively. However, their data sheets report more precise
values, 403.8 nm, 514.9 nm and 656.3 nm, which we preferred to use. The beam was directed through
an iris to clear the beam. Just after the iris, a neutral density filter was used to adjust the laser power
to the same level during the experiments. A cuvette holder was three-dimensionally printed to keep
the cuvette in the optimum orientation. Finally, a graded white screen was placed to have the
scattering pattern on it, as presented in figure 1.

Commercially available 8 pm+ 100 nm-sized melamine resin (Me) (95523-Sigma Aldrich)
microspheres were used in the experiments to compare between the predictions of Mie theory that we
calculated numerically and the experimental results. The microscope image of melamine spheres is
given in figure 2.

Samples were prepared at concentrations from 0.05 fM up to 3.00 fM by adding them into ultra-pure
water using a micropipette and kept in vials. The samples were shaken using a vortex before the
experiments to make the solution much more homogeneous and by hand just before the
measurements one more time. In our experiments, the safe time limit was about 5 min. The sinking of
the particles deeper in the cuvette and a more than 5% decrease in scattering intensity were observed
after 5 min. Our measurement time for each sample was much shorter than this limit. In addition, the
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Azimuthal angle

scattering angle

Figure 1. lllustration of the experimental setup, (a) light source, (b) iris, (c) neutral density filter, (d) cuvette holder and cuvette,
and (e) graded white screen, (inset) azimuthal and scattering angles.

Figure 2. 40x zoomed microscope image of melamine particles. Scale bar: 50 pm.

0.05-3.00 fM range corresponds to 3 x 10*-180 x 10* particles ml™", higher than the values studied in the
literature. However, the sizes of the particles reported in the literature are about 10-100 times bigger,
significantly increasing the scattering cross-section [23]. Considering this size difference, we believe it
is reasonable to have a 0.05 fM-3.00 fM concentration range in our experiments for the particle sizes
we are interested in.

Subsequently, each sample was placed into cuvettes, and the scattering patterns of the laser light at
different wavelengths from these particles fell on a screen placed 6.5 cm apart from the cuvette. 200
images of these scattering patterns were taken in a dark environment by a CMOS camera (Raspberry
Pi Focus Adjustable Camera Module-2592 x 1944 pixels), 100 ms shutter speed and 20 ms exposure
time, controlled by Raspberry Pi 4-4GB RAM. In total, 1800 images are recorded for processing.
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Figure 3. Representation of image processing flow from the raw image to the scattering pattern.

There is an uncertainty in the literature on regarding the refractive index of melamine particles. Thus,
we studied the range given in literature which is 1.530-1.922 for the red wavelength range [47-49]. Since
melamine has different forms with different refractive indices leading to different refractive indices,
comparison of theoretical and experimental results became unclear. We found the most satisfying
match with the Mie theory and experiments when the refractive index is 1.79 at 656.3 nm. On the
other hand, based on the data in the literature, we used refractive indices of 1.89 and 1.96 for
514.9 nm and 403.8 nm, respectively.

5. Image processing

The images of the scattering patterns (figure 3a) were then analysed numerically. To minimize noise, the
average of 200 images was calculated for each sample’s scattering pattern. Next, as illustrated in figure 3b,
¢, all the images were cropped and converted to grayscale. To decrease the computational cost, 86 lines
were defined with 1° azimuthal angle increments between 5° and 90° starting from the centre towards
the outer regions on the upper-right quartile of the images as given in figure 3d, (figure 3d presents
only 10° azimuthal increment for better visualization). As the next step, the average pixel data on all
those 81 lines was taken to decrease the noise level on measurements. Finally, azimuthal angular
scattering intensity was obtained, as presented in figure 3e. However, it was still noisy to identify
peak angles, therefore 2nd-degree polynomial was fitted to the experimental data around each peak
because fitting a polynomial with an exact high degree, i.e. 25th, was not giving an appropriate match
for every scattering data point. We assumed that fitting a 2nd-degree polynomial will provide
consistent methodology during the analysis. Therefore, using an angle range from the left and right
side of each peak, we fit a 2nd-degree polynomial and used the angle of the peak point as
experimental peak angles.

6. Results and discussion

As given in equation (2.9), the size parameter is directly proportional to the particle diameter. In the same
medium (water) and using the same wavelength of the incident light, the effect of particle size was
investigated to study angular scattering changes based on numerical calculations. In figure 4a, the
peaks of the scattering angles as a function of particle size were presented for the green light (at a
wavelength of 514.9 nm) and water (1 =1.3344). The particle diameter increases from 5 to 100 pm with
a step size of 1 ym.

Next, the angular scattering patterns were calculated numerically using Mie theory. The gap between
the peaks of the scattering angles gets narrower when the particle size increases. Having a bigger particle
means that the forward scattering will be more dominant. In a defined range of scattering angles, the
number of peaks will increase with the size of the particle because the scattering pattern will get
closer to the horizontal axis. For instance, as given in figure 4b, for an 8 ym particle, the widest visible
peak, which is the fourth peak, is around 21°. However, for a bigger particle, i.e. 50 pm, the fourth
peak appears around 9° which shows that when particle size is bigger, the side peaks (around zero
degrees) get closer to the zero degrees, revealing that the forward scattering is dominant.

An experimentally acquired image belonging to 8 ym melamine particle for green incident light is
given, and the peak angles were demonstrated in figure 4b (inset). Subsequently, the effect of the laser
wavelength was studied. The refractive index of the medium also was adjusted considering this
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Figure 4. (a) Dependence of the scattering intensity on the particle size as calculated using Mie theory. The particle size varied
between 5-100 pm in water and 514.9 nm incident light beam in MATLAB; (b) angular distribution of the first four scattering
intensity peaks to the particle size as calculated using Mie theory. The particle size was varied between 5-100 um in water
and 514.9 nm incident light beam in MATLAB, (inset) experimental image showing peaks (greater than 5°) for 8 pm.
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Figure 5. Calculated angular distribution of the scattering cross-section of 8 um-sized particle in water for three different
wavelengths of incident light. The triangles represent the locations of the scattering peaks.

change. As shown in figure 5 (normalized version in electronic supplementary material, figure S1), there
are more peaks at shorter wavelengths than the longer wavelengths. In Mie scattering, the intensity of
scattered light depends on both the size and the refractive index of the particle. The behaviour of Mie
scattering is more complex and does not follow a simple wavelength dependency like Rayleigh
scattering which occurs when size is small compared to the wavelength. In the Mie regime, different
wavelengths of light can lead to different scattering patterns, variations in the intensity, and angular
distribution of scattered light [50]. For instance, shorter wavelengths (blue or ultraviolet light) are
more strongly scattered by small particles, whereas longer wavelengths (red or infrared light) may
penetrate deeper into the particle and experience less scattering. Thus, we observe that when the
wavelength of the beam shortens, the forward scattering becomes more dominant.

Furthermore, within the same range of angles, we see more peaks by blue light. In other words, the
bright circle at the centre gets narrower at blue end of the visible spectral range. Therefore, blue light
scatters stronger while the red light scatters weaker. In addition, the first bright ring angle occurs at
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Figure 6. Change of refractive index between 1.3 and 2.0 for Me particles at 8 pm excited by a laser operating at (a,b) 403.8 nm, (c,
d) 514.9, and (e,f) 656.3 nm as wavelengths of incident light. The white dashed line indicates the refractive index of water (1.33)
where there is no scattering.

around 5° for blue light and around 7° for the red light which means the forward scattering forms an
intense but squeezed circle for blue light. The same effect becomes visible in the number of peaks
within the angular range that we analysed: scattering of the blue light produced five distinct peaks
while four and three peaks appeared when green and red lasers were employed, respectively,
although all the incident lights have the same optical power (figure 5, normalized version electronic
supplementary material, figure S1).

In figure 6, the effect of the refractive index is numerically calculated for the same particle size and
medium at (a-b) 403.8 nm, (c-d) 5149 nm and (e—f) 656.3 nm as wavelengths of incident light,
respectively. As presented in these figures, when the refractive index (np.) increases, the particle
scatters the light weaker at lower angles and stronger at larger angles. Furthermore, the angle of each
peak occurs at higher values. For instance, in figure 6a, we observe the fourth peak around 14-15° for
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a refractive index of about 1.4, whereas it shows up about 18-20° for a particle with a refractive index of
1.9-2.0.

To compare the results obtained from theory and experiments, we measured three samples at
concentrations ranging from 0.05fM to 3.00 fM. The average angle of each peak was calculated
corresponding to the angular scattering of different concentrations for Me particles of 8 pm. The peak
angles obtained from the theory are similar to the ones obtained from the average of each
experimental data for red, green, and blue wavelength of the incident lights, respectively.

As presented in table 1, the difference between average peak angles measured in the laboratory and
calculated theoretically is about one degree. Furthermore, to monitor consistency among measurements,
after preparing fresh sets of samples, the same experiments were held at least three months later than the
previous one. Standard deviations of the obtained peak angles among three experimental results for red,
green, and blue incident lights were calculated separately for each peak. The results are at most 0.1°, 0.1°,
and 0.2°, respectively, indicating the consistency between independent measurements. In figure 7, the
average and standard deviation of the peak angles recorded in three experiments and the angles
obtained using the Mie theory are given.

The difference between the average of measured peaks and calculated ones is about 1° with the
largest deviations occurring when the red laser is employed (figure 7 and table 1). For green, the
match between theory and the experiment is the best.

As presented in figure 8, while blue light provides weaker scattering, it has more peaks compared to
others. Considering the simulation results for wavelength of incident light in figure 5, as expected, from
blue wavelength range to red wavelength range, the number of peaks decreases in the same range.
Different than the theoretical figure 5, the intensity of blue peaks is less than the others. We assume
that this happens due to the laser spot and wide saturated spot at the centre. It has an effect on
intensity. However, peak angles match with the theoretical values as presented in table 1.

In addition, considering the difference between peak angles for red, green, and blue wavelength of
incident lights, we calculated the root mean squared error (RMSE) values and averaged them to find
the particle size which has the closest fit to experimental results. By 0.3°, 0.5°, and 0.3° degrees of
RMSE values of red, green, and blue beams, respectively, the best-fitted angular spectrum also
belongs to an 8-um particle. The refractive indices for these estimated particles are at most 0.06
different than the original refractive indices for related wavelengths. The percentage errors between
theoretical and experimental values of each peak are also given in table 1. As presented, percentage
errors wave between 0.00 and 6.48% and have high values for the red incident light. As expected, the
same amount of difference, i.e. 1°, causes higher percentage errors in first peak compared to fourth peak.

We anticipate that the resolution of the camera causes this difference due to the limited pixel size and
response performance to different colours and the number of pixel intensities collected on each azimuthal
line on images. Although averaging multiple images was implemented to decrease the noise, we
anticipate there was still some low noise effect on images.

Having a computational method that is based on the particle’s size, refractive index, wavelength of
the incident light and refractive index of the medium would make all complex calculations easier to
get scattering information. Obtaining angular scattering of particles provides a broad window for
investigating those particles and their scattering behaviours. A cost-effective setup, providing that
small error between experiments and numerical calculations, can be developed and support the
research in this field.

7. Conclusion

Although larger particles are easier to detect using low-cost methods, further analyses of small particles
are highly desired [26]. Keeping this in our focus, here, we uncovered the relations between the scattering
pattern and microplastic characteristics in water by utilizing Mie scattering for particles between 1 and
100 pm.

Mie theory calculations show that the scattering patterns carry distinct signatures of the particle size
and refractive index that also depend on the wavelength of the incident light. For example, the light
intensity increases around 0° with increasing particle size. In addition, the angular distribution of the
scattering pattern becomes wider as the particle size increases. Furthermore, increasing the refractive
index makes the angular distribution of the scattering pattern denser. We also observed that the
scattering pattern becomes wider at longer wavelengths of the incident light.
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Figure 7. Average and standard deviation of the peak angles recorded in three experiments and the theoretical angles calculated
using the Mie theory.
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Figure 8. Angular scattering of 1.50 fM melamine particles by red, green and blue lasers.

We employed a low-cost, portable system with three lasers operating in red, green and blue
wavelength ranges of the visible spectrum. We analysed melamine as the model material and revealed
that the experimental results match the theoretical calculations within 1° variation. This portable low-
cost measurement system for microplastics classification by optical scattering patterns can be further
optimized to monitor smaller size microplastics and even nano plastics in water.

Ethics. This work did not require ethical approval from a human subject or animal welfare committee.
Data accessibility. MATLAB code used for numerical calculations can be found at https://github.com/sinanngenc/
miemtlb.

The detailed equations supporting this article have been uploaded as part of the electronic supplementary
material [52].

Data and relevant code for this research work are stored in GitHub: https:/ / github.com/sinanngenc/miemtlb and
have been archived within the Zenodo repository: https://doi.org/10.5281/zenodo.8134110 [46,51].
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