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Abstract
The paper presents a fully Lagrangian mesh-free solver to simulate the dynamic behavior of post-tensioned timber structures. 
Weakly Compressible Smoothed Particle Hydrodynamics (SPH) is employed to model both the timber and the tendon. An 
efficient and simple coupling method between the timber and the tendon is proposed by considering the numerical stabil-
ity. Besides, the same coupling algorithm is used to model the interaction between column and beam elements. Although 
the column is treated as rigid in the simulations, the coupling algorithm accounts for the initial compression of the column 
resulting from post-tensioning. For the verification of the code for solids and material nonlinearity of timber, benchmark 
problems available in the literature are used. Finally, the solver's capability is demonstrated through dynamic analysis of 
post-tensioned timber structures. The solutions obtained for all the cases are in good agreement with the experimental and 
theoretical data, which indicates the applicability and accuracy of the solver.

1  Introduction

In historical construction practices, timber was employed 
as a rudimentary material, often as logs supporting roofs 
or functioning as two-force members in large-span timber 
structures (Crocetti 2016). Contemporary engineering prac-
tices have shifted towards the utilization of advanced timber 
elements such as laminated timber (Fleming and Ramage 
2020), reinforced timber (Dietsch and Brandner 2015), post-
strengthened (retrofitted) timber (Schober and Rautenstrauch 
2007), prestressed timber (De Luca and Marano 2012), and 
post-tensioned timber elements (Wanninger and Frangi 
2014; Mei et al. 2023). Researchers have shown their inter-
est in timber by exploring various techniques and engineered 
timber made materials. Glulam, which is laminated timber, 
has been used for over a century and has been extensively 
used in engineering applications. Large shell structures have 
been built for many years, and reinforced structures have 

also been developed. Timber-concrete composite construc-
tions have been in use since the 1930s. Additionally, pre-
stressed timber beams have been extensively researched and 
developed over the years.

Among these areas, post-tensioning in timber structures 
is a relatively recent concept, relying on enhancing the 
moment-carrying capacity of timber frame systems. In its 
basic application (Wanninger and Frangi 2014, 2016), post-
tensioning involves the introduction of an unbonded tendon 
without additional structural elements. Energy dissipative 
elements, such as yielding steel angles (Di Cesare et al. 
2019; Shu et al. 2019) and epoxied steels (Newcombe et al. 
2008; Smith et al. 2014; Pampanin 2018) may be incorpo-
rated based on serviceability requirements at beam-column 
and column-foundation connections.

Unbonded post-tensioning represents a technique 
employed to enhance the load-bearing capacity of struc-
tural members and systems. In this method, a tendon is 
strategically placed within a hole, either drilled or left as 
a void within the geometry of the member. Following the 
jacking operation of the tendon, internal stresses mani-
fest within the element, predominantly in compression, 
contingent upon the orientation of the tendon through the 
element's geometry. Consequently, the element acquires 
increased strength to resist bending forces, constituting 
the primary advantage of tensioning. Furthermore, the 
load-bearing capacity of joints is improved. In the study 
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conducted by Mei et al. (2023), a notable finding under-
scores that augmenting prestress levels and the number of 
wires can effectively enhance joint bearing capacity. This 
implies that post-tensioning applications contribute not 
only to the moment-carrying capacity of the frame itself 
but also to the capacity of its joints. Such applications 
can be implemented either internally, as demonstrated by 
Wanninger and Frangi (2014), or externally, as indicated 
by Mei et al. (2023).

All the benefits associated with post-tensioning are 
applicable to the utilization of wooden members. Addi-
tionally, a rocking mechanism occurs at the beam-column 
connection, effectively mitigating the drawbacks inherent 
in rigid connections. As mentioned earlier, certain energy 
dissipative elements can be incorporated into the connec-
tions of post-tensioned timber structures. Importantly, these 
elements do not compromise the integrity of the rocking 
mechanism. Consequently, rocking motion is observed in 
all post-tensioned timber structures. In contrast, the phe-
nomenon of rocking motion is not observed in structures 
made of concrete and their corresponding post-tensioned 
applications. Therefore, this study specifically focuses on 
the investigation of unbonded post-tensioned applications in 
timber structures, where the rocking mechanism is present.

The rocking mechanism denotes the rigid body oscilla-
tions of a freestanding structure on a surface. Despite its 
apparent simplicity, this phenomenon encompasses numer-
ous complex dynamic phenomena, including impacts, slid-
ing, and geometric and material nonlinearities, which vary 
depending on the specific problem (Chatzis and Smyth 
2012a). Housner (1963) was the first to address this phenom-
enon, presenting a closed-form solution. Housner's closed-
form solution has been applied, rederived for new condi-
tions, or adapted in various research studies (Haroun and 
Ellaithy 1985; Zhang and Makris 2001; Prieto et al. 2004). 
From a finite element perspective, rocking motion consists 
of a contact problem. A specialized finite element method 
was proposed by Chatzis and Smyth (2012a, b) for rocking 
structures on deformable surfaces, and a conventional dis-
crete finite element method was utilized to analyze a rocking 
podium on a shake table (Vassiliou et al. 2021). However, 
none of these methods devised for rocking motion have been 
employed in addressing post-tensioned timber problems. 
Instead, a team of researchers opted to utilize engineering 
standards (NZS 3101:1995) to achieve moment-rotation 
responses (Newcombe et al. 2008; Smith et al. 2014; Pam-
panin 2018), and employed ANSYS to determine the cyclic 
behavior of energy dissipative angles (Smith et al. 2014). 
Some researchers favored using OpenSees (Shu et al. 2019), 
while others preferred analytical methods (Wanninger and 
Frangi 2014, 2016; Fleming and Ramage 2020). Notably, in 
these analyses, tendons were modeled as path-defined forces 
rather than structural elements.

Adopting a more comprehensive method for analyzing 
post-tensioned timber structures is deemed more suitable, a 
necessity underscored by the complex nature of the problem, 
as highlighted in the research of Chatzis and Symth (2012a). 
Specifically, the complexity arises from the presence of two 
distinct timber elements, namely the beam and column, each 
potentially possessing different moduli along their contact 
surface. To address this complexity, a finite model incorpo-
rating contact mechanics becomes essential, facilitating the 
generation of a self-generating contact surface without reli-
ance on assumptions. This approach is crucial as it allows for 
the computation of internal stresses, a capability not inherent 
in a general rocking mechanism analysis. In addition to the 
timber model, a dedicated model for the tendon is impera-
tive. Even if the tendon is bonded throughout its geometry, 
the potential for contact with the timber exists depending 
on the applied load or displacement. Utilizing a geometri-
cally nonlinear model for the tendon proves instrumental in 
resolving this issue, ensuring a more accurate representation 
of the interaction dynamics between the tendon and timber 
elements.

In addition to the inherent complexity of the problem, 
predominantly characterized by geometric nonlinearities, 
the material aspect introduces an additional layer of intri-
cacy. Wood, as an anisotropic material, exhibits mechani-
cal properties contingent upon grain direction. Moreover, 
as a natural element, wood manifests various types with 
properties spanning a wide spectrum, influenced by grain 
orientation, growth patterns, geographical location, tree 
age, temperature, and moisture content (Gharib et al. 2017). 
Consequently, the material properties of wood and struc-
tures constructed from wood have become a focal point for 
researchers. Addressing the varied nature of wood, research-
ers have delved into the development of numerous nonlinear 
material models to replicate the intricate behavior of tim-
ber accurately (Oudjene and Khelifa 2009; Khennane et al. 
2014; Sandhaas et al. 2020; Eslami et al. 2021; Rahman 
et al. 2022). In addition, the variety of material properties of 
wood originates a research area for selection of the correct 
wood and wood product (Lissouck et al. 2018; Özşahin et al. 
2019; Schietzold et al. 2021; Gomez-Ceballos et al. 2022) 
for specialized form of structural elements. In this research 
area, multi-criteria decision methods, having a wide range 
of application area (Messaoudi et al. 2019; Demir and Din-
çer 2023; Dinçer et al. 2023, 2024), are used for selection 
considering properties of woods.

Accordingly, in the present study, Smoothed Particle 
Hydrodynamics (SPH), initially proposed by Gingold and 
Monaghan (1977), is chosen as the modeling method to cap-
ture the rocking mechanism in post-tensioned timber struc-
tures. While SPH was originally introduced for astrophysi-
cal problems and then fluid dynamics, its application has 
extended across various disciplines. Numerous SPH models 
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have been developed for fluids (Demir et al. 2019, 2021; 
Dinçer et al. 2019; Demir 2020; Dinçer 2020; Demir and 
Dinçer 2023), solids (Gray et al. 2001; Antoci et al. 2007), 
and soils (Nonoyama et al. 2015; Niroumand et al. 2017). 
As a meshless method, SPH is particularly well-suited for 
modeling domains characterized by large displacements 
and rigid body motions. Capitalizing on this attribute, the 
authors previously proposed an SPH model for cables (Din-
çer and Demir 2020), a system characterized by substantial 
displacement and rigid body motion. In the context of the 
present study, the SPH method is deemed suitable for mod-
eling post-tensioning in timber structures due to its ability 
to address various nonlinearities. These include geomet-
ric nonlinearities arising from rigid body motion (rocking 
motion), geometric nonlinearities associated with the beam 
and tendon, and material nonlinearity stemming from the 
properties of timber materials.

In essence, the simulation of post-tensioned timber 
models is a challenging task, particularly when consider-
ing nonlinearities. A comprehensive simulation requires 
accurate modeling of both the tendon and timber elements. 
In prior numerical models, mesh-based methods were com-
monly favored, often neglecting the nonlinearity inherent 
in the tendon. As previously discussed, one of the primary 
advantages of SPH lies in its capacity to handle systems 
with substantial displacements, making it a preferable choice 
for tendon simulations. Moreover, coupling the tendon with 
the beam is a straightforward process for numerous numeri-
cal or even analytical models, provided the nonlinearity 
of the tendon hole in the beam is disregarded. However, 
when nonlinearities are considered, implementing a cou-
pling algorithm becomes necessary, which can be intricate 
for many numerical methods. This study introduces an effi-
cient coupling algorithm for tendon and timber elements by 
adapting the Shifting Surface of Solid Domain (SSOSD) 
developed for Fluid–Structure Interaction (FSI) problems 
by the authors. To the best of the authors' knowledge, this 
study represents the first attempt at utilizing SPH to model 
unbonded post-tensioned timber structures. Furthermore, 
the tendon's geometric nonlinearity is considered for the 
first time. Accordingly, for two-dimensional simulations, a 
one-way coupling algorithm is proposed, wherein the influ-
ence of beam elements throughout the tendon is considered. 
In contrast, the effect of tendon elements on the beam is 
solely accounted for at the caps of the beam. Consequently, 
the geometric uniformity of the beam in two dimensions is 
preserved.

The structure of the paper unfolds as follows: Initially, the 
formulation and equations of SPH employed for simulating 
timber and tendon elements are expounded upon, and the 
coupling algorithm is introduced. Subsequently, the paper 
proceeds to a validation case, demonstrating the prowess of 
the SPH solid solver. It is worth noting that validations on 

tendon simulations can be referenced in the research of Din-
çer and Demir (2020). Additionally, the nonlinear material 
model is tested for its effectiveness. Finally, the paper delves 
into the simulation of unbonded post-tensioned timber ele-
ments, showcasing the solver's capabilities in this specific 
context.

2 � Methodology

2.1 � Equations for an elastic body

The governing equations of continuum mechanics include 
the continuity, momentum, and energy equations. The con-
tinuity equation for a compressible body reads

where � is the density and � is the velocity vector. Similarly, 
the momentum equation can be shown as

where d∕dt denotes the derivative following the motion, � 
denotes the Cauchy stress tensor, and g is the gravitational 
acceleration vector. The stress tensor includes direction-
dependent and independent stresses represented as

where i and j are the Cartesian components in x and y direc-
tions, P is the pressure, � ij is the deviatoric stress. In fluid 
mechanics, the stress is proportional to strain rate whereas 
in solid mechanics, the stress is the function of strain and 
strain rate.

If the displacements are small, the stress rate is propor-
tional to strain rate through shear modulus, � . The rate of 
change of � ij is then given by Gray et al. (2001).

where

𝜀̇ij is the transformation tensor and Ωij is the rotation tensor.
The pressure–volume behavior for an elastic body can be 

computed from the equation of state, which is appropriate 
for small variations of density.
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where �
0
 is the reference density and K is the bulk modulus.

2.2 � Material model

Wood, characterized as an anisotropic material, exhibits vary-
ing properties depending on its type. Additionally, compos-
ite wood-made structural elements, such as glued laminated 
timbers (glulam), contribute to the diversity of engineered 
materials. Numerous approaches have been proposed to cap-
ture the stress–strain relationship of timber and timber-made 
engineered materials (Oudjene and Khelifa 2009; Khennane 
et al. 2014; Valipour et al. 2014; Karagiannis et al. 2016, 2017; 
Gharib et al. 2017; Sandhaas et al. 2020; Eslami et al. 2021; 
Rahman et al. 2022). However, it is important to note that this 
study adopts a linearly elastic, perfectly plastic material behav-
ior for timber, as illustrated in Fig. 1. This specific behavior, 
previously employed for glued laminated timber arches (Zhou 
et al. 2020), serves as the basis for the analysis in this study.

In Fig. 1, fc and ft are compression and tension strength, 
respectively. Corresponding strains in compression and tension 
are �cy and �t , respectively.

2.3 � The SPH formulations

The SPH representation of continuity and momentum equa-
tions for particle a reads

(7)P =
K

�
0

(
� − �

0

)

(8)
d�a

dt
=
∑

b
mb�ab ⋅ ∇aWab

where the summation is over all particles b around a , mb is 
mass of the particle b . The kernel Wab is a function of the 
distance between the particles a and b, and ∇a denotes the 
gradient taken with respect to the coordinates of particle a . 
In the present study, Wendland C2 kernel with a support 
domain of 2 h is used where h is the smoothing length of 
kernel. The forces coming from the interaction between two 
bodies are shown with si

s
 and si

t
 representing the force on 

the solid body and on the tendon, respectively. A detailed 
discussion about interaction forces can be found in part 2.4.

In the momentum equation the last three terms in the 
brackets have been introduced to prevent numerical prob-
lems due to SPH algorithm. The term Πab produces a shear 
and bulk viscosity. It is called artificial viscosity in SPH 
and shown as:

where c is the speed of sound, r is the position vector of a 
particle and � is the problem dependent parameter explained 
in research of Gray et al. (2001) and Antoci et al. (2007).

To remove the tensile instability, a control term, Rij

ab
f n , 

called artificial stress is added to the momentum equation,

where Δp is the particle spacing. Note that if Rij < 0 the 
artificial stress has the same sign as a positive pressure term 
and acts to keep the particles apart. A detailed explanation 
about the derivation of the terms in artificial stress equation 
can be found in the research of Gray et al. (2001).

2.4 � Equations of the tendon

The tendon is a specialized form of elastic body with dis-
tinctive characteristics. It is presumed that the tendon exhib-
its solely unidirectional strain due to its specific geometry. 
Therefore, in the local coordinate system, 𝜀̇ij has only uni-
directional strain. The term, �

A
Cab , shown in the momen-

tum equation is exclusively utilized when the material is 
tendon. This utilization was introduced by the authors to 
mitigate unnecessary oscillations identified in SPH analysis 
of tendons (Dinçer and Demir 2020). In this term, A is the 
unstretched cross-sectional area of the tendon and � is a 
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Fig. 1   Stress–strain relationship of glulam timber
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constant representing the rate of the damping. Cab for each 
direction can be shown as:

2.5 � Interactions of domains

Systematic particle size reduction is employed to achieve 
convergence (mesh independence) in a solid domain. 
However, when dealing with a contact between two solid 
domains, achieving convergence becomes more challeng-
ing due to the constraint imposed by the contact line, which 
the neighboring domain must not violate. Consequently, 
the number of particles at the contact surface may need to 
be increased to delineate a line between adjacent particles. 
Failure to do so may result in a semi-rigid connection at the 
contact. To address such challenges, the authors proposed a 
method specifically designed for these problems, Shifting 
the Surface of Structural Domain (SSOSD) (Dinçer et al. 
2019). Originally introduced for fluid–structure interaction, 
this method is adapted for structure-structure interaction 
in the current study context. Instead of allowing a parti-
cle to penetrate the neighboring domain, the surface of 
the neighboring domain is shifted to the opposite surface. 
This is a crucial step, especially in contrast to finite ele-
ment methods, where neighboring domains can be modeled 
very close to each other. Consequently, an intermediate 
domain is generated through this shifting surface approach. 
If a particle exists within this intermediate domain, it is 
removed based on a predefined nonlinear function. This 
removal process occurs gradually over multiple time steps, 
allowing particles to suspend in the intermediate domain. 
The nonlinear function dictates that the more overlap 
between SPH particles, the more they are subjected to dis-
placements proportional to their overlap, and vice versa. 
The equation is given below.

(13)Cab =
maVa

�2
a

+
mbVb

�2
b

where 
(
O(i−1)

)
n
 is the overlap in local normal direction n of 

boundary surface, 
(
newO

(i−1)
)
n
 is the new assumed overlap 

(which is the amount of displacement to be applied), d is a 
problem dependent vector in local normal direction n . This 
parameter, d , defines the depth of the boundary violation. 
In the context of unbonded post-tensioned timber problems, 
selecting this crucial parameter is undertaken to ensure that 
the analytically calculated initial compression of the column 
is attained during the initial stage of SPH simulations. Fur-
thermore, the depth of the shifting surface is chosen to be 
identical to the initial particle spacing, aiming to fulfill the 
initial contact condition, as illustrated in Fig. 2. The forces 
acting on the boundary particles of the beam are computed 
by evaluating their overlap using a suitable Lagrange mul-
tiplier. Subsequently, these forces are incorporated into the 
momentum equation as an external force, represented by 
the term,si

s
.

Any displacement of the beam and column particles 
induces a change in the configuration of the tendon hole. 
Particularly, the geometry of the hole exhibits nonlinear 
characteristics under higher deformations of the beam. 
To incorporate this geometric nonlinearity, the interaction 
between the tendon (depicted in black particles in Fig. 2) and 
the boundary particles of the beam is composed throughout 
the hole. In this regard, initially overlapping contact lines, 
visualized as a continuous blue region in Fig. 3(b), are uti-
lized in the simulations of the tendon element. These contact 
lines, obtained from the boundary particles, serve as a repre-
sentation of the tendon hole's geometry. The coordinates of 
these contact lines are derived from the coordinates of the 
existing beam particles corresponding to the tendon hole. 
Subsequently, the internal forces within the tendon are com-
puted using the SSOSD method. A shifted surface is defined 
on both sides of the hole, and the value of the shifting sur-
face is set equal to the tendon radius, which is initially the 
same as the hole radius. This ensures that the contact lines 

(14)(
new

O
(i−1)

)
n
=
(
O

(i−1)
)
n
− d + e

−

( |(O(i−1))
n
|∕ |d|

)

d

Fig. 2   SPH illustration of 
tendon elements, beam ele-
ments and column representing 
SSOSD lines
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overlap for the initial condition. Therefore, the influence of 
the tendon on the beam is mediated through the geometry of 
the defined hole, constituting a reciprocal interaction. The 
force exerted on the beam due to the presence of the tendon 
is integrated into the momentum equation with si

s
 term. Simi-

larly, the forces on the tendon element due to its contact with 
the hole are represented by si

t
 term.

The application of the SSOSD method empowers the ana-
lyzer to attain a robust and smooth interaction. Notably, pen-
etrations become more discernible with a reference contact 
line. In the context of the present study, analyzing penetra-
tions through the contact line holds significant importance 
as it defines the neutral axis. As illustrated in Fig. 3(a), the 
neutral axis is distinctly defined with the utilization of the 
SSOSD method, providing a clear representation of the 
surface.

3 � Results

3.1 � Validations of solid model

To validate the accuracy of the solid component of the 
numerical model, a homogeneous beam clamped at both 
ends as employed by Khayyer et  al. (2021), is utilized. 
Khayyer et al. (2021) predominantly focused on the analy-
sis of composite elastic structures in their research, utilizing 
the Hamiltonian Smoothed Particle Hydrodynamics (HSPH) 
for the analysis. In their study, the beam experiences a uni-
form load applied throughout its geometry, as depicted in 
Fig. 4(a). The dimensions of the thin beam include a thick-
ness of 0.012 m and a length of 0.2 m. The applied uni-
formly distributed load is 20 N/m. The material's modulus 
of elasticity is 2.4e7 Pa, Poisson’s ratio is considered as zero, 
and the density is 1100 kg/m3. Both ends of the beam are 

clamped, and Khayyer et al. (2021) addressed the boundary 
conditions of the fixed end support by fixing the boundary 
particles in space.

To overcome the potential issues associated with absolute 
fixing of boundary particles, where a particle's position is 
not revised and velocity is set to zero in each time step, 
the authors propose the use of an intermediate zone on the 
beam. Absolute fixing is applied to each loose end of these 
intermediate zones, allowing for more adaptable bounda-
ries. This prevents discontinuities throughout the interface 
of SPH and boundary particles. The rigidity of the interme-
diate zone is set to be high but not infinite, and this can be 
achieved by adjusting the modulus of elasticity (rigidity) of 
the intermediate zone. The discretization of the intermediate 
zone is illustrated in Fig. 4(b).

For the convergence test, the particle size is systemati-
cally reduced from 1 mm to 0.5 mm. Convergence is deemed 
achieved for mid-span deflections when the particle spacing 
reaches 0.75 mm. The maximum allowable time step size is 
set at 8e-5 s. Results are then compared with the theoretical 
solution and prior findings by Khayyer et al. (2021). Both 
the results of the convergence tests and the comparison are 
presented in Fig. 5. Discrepancies between the theoretical 

Fig. 3   Detailed view of (a) beam column interaction and (b) tendon beam interaction

Fig. 4   (a) Geometry of beam and (b) SPH discretization of geometry
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and numerical results originated from the boundary model 
of the proposed method. While the convergence results in 
the research of Khayyer et al. (2021) begin with higher mid-
span deflections, the proposed model's convergence results 
start with lower deflections. In the proposed boundary con-
dition, larger particle sizes lead to longer boundary regions. 
With the increase in the length of the boundary region, the 
midspan deflection naturally decreases. Additionally, inter-
nal stresses are comparatively illustrated in Fig. 6, reveal-
ing relatively higher stresses at both ends of the beam. This 
higher stress is attributed to the boundary method used in the 
present study. The presence of an intermediate zone at fixed 
ends leads to slightly higher stresses. Although these higher 
stresses result in lower mid-span deflections compared to 
those in the research of Khayyer et al. (2021) (see Fig. 5), 
convergence is achieved, and the calculated mid-span deflec-
tions closely align with the theoretical results.

3.2 � Validation of material model

In the material model used in the present study, timber 
exhibits linear elastic behavior up to a defined limit. Beyond 
this elastic limit, its behavior is characterized as perfectly 
plastic for the compression part. The material model is 
applied to both directions of the grain. The adopted model 

is validated using experimental data reported in the research 
of Karagiannis et al. (2017) and employed in subsequent 
research (Karagiannis et al. 2016; Eslami et al. 2021; Rah-
man et al. 2022) as verification cases.

Two experiments are utilized as validation cases, one for 
compression and the other for tension. In both cases, the load 
is applied parallel to the grain direction of the timber, with 
specimen dimensions provided in Fig. 7. The average values 
for Young's modulus of the case samples are defined as 2050 
MPa for compression and 10,949 MPa for tension, according 
to Karagiannis et al. (2017). Additionally, the strengths are 
taken as 33 MPa and 36.2 MPa, respectively. SPH analy-
ses are conducted with a particle spacing of 0.5 mm. The 
comparison of the SPH solution and experimental results is 
presented in Fig. 8 and Fig. 9. It is important to note that the 
material models used in the reference studies differ from the 
one employed in this study. Consequently, some disparity in 
results is expected due to the use of non-identical material 
models. Nevertheless, the results of the reference studies 
using the same benchmark problem are depicted in Fig. 8 
and Fig. 9.for comparison.

3.3 � Post‑tensioned timber frame

The numerical model is developed in two dimensions based 
on the series of experiments conducted by Wanninger and 
Frangi (2014, 2016). The cited articles were derived from 
the experiments, initially documented in a report on post-
tensioned timber frame structures (Wanninger 2015). For 
this research, only the first series of experiments focusing 
on the connection of post-tensioned timber frames under 
gravity loads, is utilized. Notably, hand calculations were 
employed for analysis in the original research of Wanninger 
and Frangi (2014).

In the aforementioned study, an inventive post-tensioned 
joint was developed using glued laminated timber (GL24h) 
and ash hardwood (D40) with material properties sourced 
from the research of Porteous and Kermani (2013), as out-
lined in Table 1. Notably, the joint design excluded any addi-
tional steel elements, relying solely on the tendon positioned 
at the center of the frame. Instead of utilizing a steel shear Fig. 5   Results of convergence test

Fig. 6   Internal stresses of (a) Khayyer et al. (2021) and (b) proposed method
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key, hardwood was employed. Additionally, a 50 mm steel 
plate was placed at the end of the beam to ensure uniform 
transmission of the tendon load on the beam surface. The 
materials used and the experimental geometry are visually 
represented in Fig. 10, while further details about the meas-
urement tools utilized in the experiment are available in the 
research of Wanninger and Frangi (2014).

In the experimental setup, two glulam timber frames 
were symmetrically positioned on either side of a column, 
primarily composed of hardwood. Notably, no additional 
materials were incorporated, aside from the post-tensioning 
tendon. Despite the applied tension on the tendon leading to 
an increase in shear force between the frame and the column, 
the frame was intentionally offset with a 4 cm indentation, 
serving as an effective shear key. As depicted in Fig. 10 and 
detailed in the research of Wanninger and Frangi (2014), a 
force was applied to the frame. The force history persisted 
for a duration of 1 h, encompassing both symmetric and 
unsymmetric loadings, with cyclic increases in load. In con-
trast, this study applies a uniform increase in load to the 
structure, with a loading rate of 250 N/s. While the defined 
rate does not significantly impact the results, it is acknowl-
edged that this rate may induce oscillations at the initial 
stages of loading. Given the expectation that these oscilla-
tions will dampen early in the simulation, a higher loading 
rate is chosen to optimize computational efficiency.

The initial tension in the tendon, set at 550 kN, remains 
constant until the applied load reaches its limit, eventually 
increasing to almost 800 kN depending on the transverse 
applied load. In the research of Wanninger and Frangi 
(2014), experimental results were differentiated for tendon 

Fig. 7   Test specimens defined 
for compression (a) and tension 
(b)

Fig. 8   Comparison between SPH and experimental results of com-
pression test

Fig. 9   Comparison between SHP and experimental results of tension 
test
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elongation, a concept also applicable to the proposed ana-
lytical model. The model of Wanninger and Frangi (2014) 
draws inspiration from the static analysis of a rigid beam on 
an elastic foundation, resembling the Winkler type of foun-
dation. In this analogy, the rigid beam corresponds to the 
contact face of the timber frame, and the elastic foundation 
corresponds to the contact face of the column. It is known 
that timber-made structural elements are designed with 
longitudinal grain directions. Therefore, the analogy was 

defined in that research as a stiff beam and soft column con-
sidering the grain of column and beam. There are springs, 
capable only of resisting compression (see Fig. 11(b)), situ-
ated between these contact faces. The static calculation of 
rotation (θ), neutral axis (x), moment (M), change in tendon 
force (P), and maximum stress ( �

1
 ) on the contact surface 

was determined statically for the corresponding applied load 
(Fig. 11(a)).

Table 1   Material properties Material name Young’s modulus Compression 
strength

Tension strength

Glued laminated timber (GL24h) ( E
0
) 11,000 MPa 22 MPa 19.2 MPa

Glued laminated timber (GL24h) ( E
90

) 300 MPa 3 MPa 0.5 MPa
Hardwood made of ash (D40) ( E

0
) 13,000 MPa 26 MPa 24 MPa

Hardwood made of ash (D40) ( E
90

) 860 MPa 8.3 MPa 0.6 MPa
Steel cap (S420) 200 GPa 420 MPa 420 MPa
Steel tendon (Y1770 4–06) 197 GPa - 1770 MPa

Fig. 10   (a) Materials and geometry of the experiment (in meters) and (b) particle representation of the experimental setup

Fig. 11   (a) Free body diagram of the contact (b) inspired from beam on elastic foundation problem
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In the simulations, the initial particle spacing for both 
beam and tendon elements is set at 1 cm. Consequently, 
9960 particles are used to represent a single beam element, 
and 360 particles are allocated for the tendon. The maximum 
time limit is taken as 1.00e-4 s. The Young’s modulus of 
the beam is considered homogeneous throughout the geom-
etry, with a value of 11,000 MPa. The SSOSD method is 
employed for both beam-column and beam-tendon interac-
tions. The depth of the shifting surface is set as the initial 
particle spacing for beam-column interactions and half of 
the initial tendon particle spacing for beam-tendon inter-
actions. As mentioned in the methodology part, a proper 
value of parameter, d, in the equation of SSOSD (Eq. (15)) is 
selected to satisfy the initial compression of the column due 
to the initial tendon stress. The initial compression is analyti-
cally calculated as 0.38 mm (Wanninger and Frangi 2014). 
In contrast, a higher value for parameter, d, is preferred to 
minimize the penetration depth of tendon.

4 � Results and discussion

The tendon force, with a 4 cm indentation serving as a shear 
key, is the primary stabilizing factor. At the beginning of 
the experiment, the tendon force was raised to 550 kN. In 
numerical simulations, achieving a tendon force smaller than 
the initial value is not possible. However, in the experiments, 
the tendon force decreases during cyclic loading (refer to 
Fig. 12). This decrease is attributed to plastic deformations 
caused by local stresses on the timber surface. Numerically, 
an early increase in tendon force is observed (Fig. 12), 
resulting from oscillations that dampen out when the rota-
tion angle, and consequently, the vertical deflection, is very 
low.

Figure 13 illustrates the change in neutral axis depth with 
the rotation angle. At the initial stage of the loading where 
the rotation angle is low, the neutral axis depth remains 
constant and equal to the depth of the beam. As the rota-
tion angle approaches approximately 0.0012 rad, the neutral 
axis starts to decrease. The numerical and analytical mod-
els predict consistent results up to a rotation angle of 0.008 
rad. Beyond this threshold, the model predictions diverge. 
Although the predictions for neutral axis depth are close to 
each other and to the experimental data, notable differences 
are observed.

According to Wanninger and Frangi (2014), a potential 
reason for the variance between experimental and analytical 
results is the larger hole in the specimen compared to the 
tendon, allowing for tendon movement during experiments. 
In the modified analytical model of Wanninger and Frangi 
(2014), the spring constant derived from the rigid beam on 
an elastic foundation model was arbitrarily reduced when 
the maximum stress in the interface reaches 10 MPa. How-
ever, in the numerical model, there is no need for external 
intervention to capture timber behavior, as the geometric 
nonlinear behavior of the solid body and tendon is naturally 
considered. Moreover, the accuracy of the SPH model is 
enhanced by the inclusion of material nonlinearities.

The relationship between moment and rotation angle is 
illustrated in Fig. 14. In the experimental setup, the moment 
was computed by introducing a rotational spring, and it was 
directly calculated by multiplying the applied force with the 
distance between the load application point and the column-
beam interface. Conversely, in the numerical model, the neu-
tral axis and moment are derived from internal stresses at the 
beam-column interface, thereby considering the geometric 
nonlinear behavior of the beam element. It's noteworthy 
that the analytical model of Wanninger and Frangi (2014) Fig. 12   Tendon force with respect to rotation angle

Fig. 13   Neutral axis with respect to rotation angle
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neglects the energy dissipated from the system. To investi-
gate the impact of plastic deformations causing energy dis-
sipation, a stress–strain relationship adopting linearly elastic 
perfectly plastic behavior is employed for timber materials 
modeled in SPH. Both linear and nonlinear material results 
are presented in the comparative figures. The disparity 
between SPH solutions with linear and nonlinear material 
behavior of timber directly indicates that the contact parts 
of the timber beam, composed of hardwood, yield. Stress 
concentration on hardwood (D40) leads to an increase in 
stress up to the plastic limit of hardwood with the rotation 
of the frame. Consequently, due to this plastic deformation, 
the rotation of the beam increases, as evident from Fig. 12 
and Fig. 14. Nevertheless, there is a difference between 
experimental results and the predictions of the proposed 
model. The material behavior of timber is the main reason 
for the difference between the experiment and prediction of 
proposed model in which characteristic values for material 
properties (Table 1) are used.

Additionally, oscillations are observed at the initial stages 
of loading. The higher loading rate chosen in the numerical 
method, along with the initially applied tendon force, con-
tributes to these early oscillations. Even a minor disturbance 
in the transverse direction of the tendon, induced by vertical 
loading, can result in elevated forces on the timber beam 
element from the tendon. Moreover, it is observed that the 
numerically predicted moment diverges from the analytical 
models sooner than anticipated. The earlier divergence is 
primarily attributed to nonlinear effects on both the beam 
and the tendon, arising from the geometry of the tendon hole 
considered in the numerical model.

The curve depicting the applied load and rotation angle 
for smaller rotation angles is derived from the load time 
history of the experiments in the research of Wanninger and 

Frangi (2014). This reference data is represented as a scat-
ter plot in Fig. 15. Initial oscillations are more remarkable 
in this figure, given that the rotation angles are very small 
compared to those in Fig. 12 and Fig. 14. Despite the evident 
initial oscillations, the numerical predictions of the applied 
load concerning rotation angles align closely with the exper-
imental data. Consequently, it can be inferred that the initial 
oscillations do not significantly impact the simulation results 
in the later stages of loading.

Internal stress in the beam element was not depicted in 
the research of Wanninger and Frangi (2014). To address 
this gap, internal stress in the beam under specific loading 
conditions are illustrated in Fig. 16. These loading condi-
tions are chosen for particular cases, where the applied force 
versus rotation angle is provided as scatter in Fig. 15. It is 
worth noting that an increase in the transverse load leads to 
rotation as seen in Fig. 15, which results in an opening in the 
column face of the beam due to inherent motion of rocking. 
In Fig. 16, longitudinal internal stress of the beam reveals 
a zero-stress region at the top right of the beam where the 
opening occurs between the beam and column.

5 � Conclusion

A coupled SPH-based solver is introduced to effectively 
replicate the behavior of unbonded post-tensioned timber 
structures subjected to vertical loading. In this innovative 
approach, both the timber and tendon models are formu-
lated within the SPH framework. A dedicated contact algo-
rithm is devised to account for the geometric nonlinearities 
within the tendon hole in the timber. This identical contact 
algorithm is adeptly employed to emulate the interaction 
between beam and column elements. Additionally, a lin-
early elastic perfectly plastic material model is adopted for 

Fig. 14   Moment with respect to rotation angle Fig. 15   Applied load with respect to rotation angle
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timber, facilitating the consideration of column compression 
resulting from the initial tendon stress. The outcomes of the 
numerical investigations in this study clearly demonstrate 
the efficacy of the proposed coupled SPH solver, coupled 
with the developed contact algorithm, in accurately captur-
ing the intricate interactions between timber and tendon 
elements. To the best of the authors' knowledge, this is the 
first study presenting a fully coupled SPH solver to simulate 
post-tensioned timber frames.

The application of SPH in simulating the dynamic 
behavior of post-tensioned timber structures, as presented 
in this manuscript, brings forth both advantages and limi-
tations. SPH proves advantageous in addressing geometric 
nonlinearities arising from rigid body motion, complex 
interactions between timber and tendon elements, and 
material nonlinearity due to the properties of timber mate-
rials. However, the inherent particle-based nature of SPH 
poses challenges in capturing certain mechanical effects, 
such as anisotropy resulting from the microstructure of 
cellular timber material, viscous behavior, and creep. 
The resolution limitations of the SPH method may hin-
der its ability to fully represent microstructural features 

influencing anisotropic behavior. Additionally, while the 
model has been enhanced to predict internal stress distribu-
tion within timber elements, it is essential to acknowledge 
that SPH, as a meshless method, may face difficulties in 
providing detailed local behavior predictions compared to 
more established methods like FEM. Consequently, there is 
a need for further research to develop a more comprehen-
sive material model for SPH, particularly considering the 
intricate characteristics of wood materials. Despite these 
challenges, the study introduces a novel methodology for 
analyzing wooden structures using SPH, opening up new 
research avenues in this field and showcasing the efficacy 
of the proposed coupled SPH solver in capturing the com-
plex interactions within post-tensioned timber frames.
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