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1. Introduction
In this manuscript, we study the fractional differential equations

cDνu(t) = f(t, u(t)), t ∈ J = [0, b], (1.1)

subject to boundary conditions

u(0)− u′(0) = u0, u(b) + u′(b) = ub, u′′(b) = u∗b . (1.2)

Here 2 < ν ≤ 3, cDν designates the Caputo fractional derivative of order ν , f : J ×R → R is a continuous
and u0, ub, u

∗
b are real constants. We investigate the existence and uniqueness of solutions for boundary value

problems (BVPs) for fractional differential equations.
Fractional differential equations have captivated much concentration since they can be practiced in diverse

areas of science and engineering. Many phenomena in viscoelasticity, electrochemistry, control theory, porous
media, electromagnetism, etc. can be modelled as fractional differential eqautions. For structures, view the
documents of Kilbas et al. [16], Kiryakova [17], Miller and Ross [20], Oldham and Spanier [21], Podlubny [22],
and Samko et al.[23]. Some the latest improvements to the hypothesis of fractional differential equations may
be observed in [1–14, 18, 19, 24–28].

In [5], Bai and Lü studied the BVP of fractional order

Dα
0+x(t) + f(t, x(t)) = 0, t ∈ (0, 1), α ∈ (1, 2], (1.3)

x(0) = x(1) = 0. (1.4)
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Here Dα
0+x(t) is the Caputo fractional derivative, and f : [0, 1]× [0,+∞) → [0,+∞) is continuous.They found

some existence and multiplicity results of positive solutions by employing some fixed point theorems .
In [26], Zhang investigated the existence and multiplicity of positive solutions for BVPs of nonlinear

fractional differential equations

Dα
0+x(t) = f(t, x(t)), t ∈ (0, 1), α ∈ (1, 2], (1.5)

x(0) + x′(0) = 0, x(1) + x′(1) = 0. (1.6)

Here Dα
0+x(t) is the Caputo fractional derivative, f : [0, 1]× [0,+∞) → [0,+∞) is continuous. He found some

existence results of positive solutions by employing fixed point theorem on cones.
In [28], the authors established the existence of multiple positive solutions for the nonlinear fractional

differential equation BVP

Dα
0+x(t) + f(t, x(t)) = 0, t ∈ (0, 1), α ∈ (2, 3], (1.7)

x(0) = x′(0) = x′(1) = 0, (1.8)

where Dα
0+x(t) is the Caputo fractional derivative. They established some new existence criteria for singular

and nonsingular fractional differential equation BVP by the characteristics of the Green function, the lower and
upper solution method and fixed point theorem.

Inspired by the work of the above papers, in this paper we discuss the BVPs (1.1),(1.2). Using the
Banach fixed point theorem, for the applications of Schaefer’s and the Leray-Schauder fixed point theorem, we
give some new existence results for BVPs (1.1),(1.2). Recently, Agarwal et al. examined the BVPs for fractional
differential equations (1) and (2) in [1]. As far as we know, BVPs for fractional differential equations (1.1),(1.2)
have not been studied. We will complete this opening in the written matter.

The plan of this manuscript is the following way. In Section 2, we recall several useful preliminaries that
will be used to verify main results. Main results are given in Section 3. In Section 4, an illustration is displayed
to clarify the principal conclusions.

2. Background

For the usefulness of the reader, one gives several notation, descriptions, preliminary facts, which can be found
in [16, 22]. They will be used in the proofs of our results.

By C(J ,R) one represents the Banach space of all continuous functions from J into R endowed with

||u||∞ := sup{|u(t)| : t ∈ J }.

Definition 2.1 The fractional integral of order ν ∈ R+ for a function y ∈ L1([a, b],R+) is given as

Iνay(t) =
1

Γ(ν)

∫ t

a

(t− s)ν−1y(s)ds,

here Γ is the gamma function. If a = 0, then one has Iνy(t) = y(t) ⋆ φν(t), where φν(t) = tν−1

Γ(ν) for t > 0,

φν(t) = 0 for t ≤ 0, φν → δ(t) as ν → 0, here δ is the delta function.
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Definition 2.2 The Riemann–Liouville fractional derivative of order ν for a function y defined on [a, b] can
be described by

Dν
a+y(t) =

1

Γ(k − ν)

(
d

dt

)k ∫ t

a

y(s)

(t− s)ν−k+1
ds,

where

k =

{
[ν] + 1 if k /∈ {0, 1, 2, . . .}
ν if k ∈ {0, 1, 2, . . .}

and [ν] denotes the integer part of ν.

Definition 2.3 Caputo’s fractional derivative of order ν for a function y given on [a, b] can be prescribed as

cDν
a+y(t) =

1

Γ(k − ν)

∫ t

a

y(k)(s)

(t− s)ν−k+1
ds.

3. Main results
We shall begin with the following definition.

Definition 3.1 u ∈ C2(J ,R) with its ν -derivative occuring on J is called to be a solution of BVP (1.1)
and (1.2) if u solves the equation cDνu(t) = f(t, u(t)) on J and boundary conditions u(0) − u′(0) =

u0, u(b) + u′(b) = ub, u′′(b) = u⋆b .

Here the notation C2(J ,R) means continuously twice differentiable.

In order to establish the existence of solutions for the BVP (1.1) and (1.2), one has to use lemma as follows:

Lemma 3.2 ([26]). For ν > 0, the solution of the differential equation cDνy(t) = 0 is presented as

y(t) = c0 + c1t+ c2t
2 + · · · cn−1t

n−1, here cj ∈ R, j = 0, 1, 2, . . . , n− 1

where

n =

{
[ν] + 1 if n /∈ {0, 1, 2, . . .}
ν if n ∈ {0, 1, 2, . . .}.

Taking into account Lemma 3.2, one has that

IνcDνy(t) = y(t) + c0 + c1t+ c2t
2 + · · · cn−1t

n−1

for cj ∈ R, j = 0, 1, 2, . . . , n− 1, where

n =

{
[ν] + 1 if n /∈ {0, 1, 2, . . .}
ν if n ∈ {0, 1, 2, . . .}.

By means of Lemma 3.2 one has the next result which is valuable.
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Lemma 3.3 Suppose that y : J → R is continuous,and 2 < ν ≤ 3. Let d = b + 2 ̸= 0. Then u is a solution
of the integral expression

u(t) =
1

Γ(ν)

∫ t

0

(t− w)ν−1y(w)dw − 1

2Γ(ν − 2)
t2
∫ b

0

(b− w)ν−3y(w)dw

+
b2

2dΓ(ν − 2)
t

∫ b

0

(b− w)ν−3y(w)dw − 1

dΓ(ν)
t

∫ b

0

(b− w)ν−1y(w)dw

+
b

dΓ(ν − 2)
t

∫ b

0

(b− w)ν−3y(w)dw − 1

dΓ(ν − 1)
t

∫ b

0

(b− w)ν−2y(w)dw

+
b2

2dΓ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw − 1

dΓ(ν)

∫ b

0

(b− w)ν−1y(w)dw

+
b

dΓ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw − 1

dΓ(ν − 1)

∫ b

0

(b− w)ν−2y(w)dw

+
u∗b
2
t2 +

ub
d
t− u0

d
t− u∗bb

2

2d
t− u∗bb

d
t+ u0 +

ub
d

− u0
d

− u∗bb
2

2d
− u∗bb

d
(3.1)

⇐⇒ u is a solution of the BVP

cDνu(t) = y(t), t ∈ J , (3.2)

u(0)− u′(0) = u0, u(b) + u′(b) = ub, u′′(b) = u⋆b . (3.3)

Proof Express u(t) using the RL integral as

u(t) = c0 + c1t+ c2t
2 + (Iνay)(t), (3.4)

and then point out that the Caputo derivative annihilates the polynomial terms in the front and acts as an
inverse to the RL integral in this situation (see[[16], Lemma 2.21 ]).

Applying the boundary conditions for (3.3), we find that

c0 = u0 +
ub
d

− u0
d

− u∗b
2d
b2 +

b2

2dΓ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw

− 1

dΓ(ν)

∫ b

0

(b− w)ν−1y(w)dw − u∗b
d
b+

b

dΓ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw

− b

dΓ(ν − 1)

∫ b

0

(b− w)ν−2y(w)dw,

c1 =
ub
d

− u0
d

− u∗b
2d
b2 +

b2

2dΓ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw

− 1

dΓ(ν)

∫ b

0

(b− w)ν−1y(w)dw − u∗b
d
b+

b

dΓ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw

− b

dΓ(ν − 1)

∫ b

0

(b− w)ν−2y(w)dw,
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and

c2 =
u∗b
2

− 1

2Γ(ν − 2)

∫ b

0

(b− w)ν−3y(w)dw.

If we substitute the values c0, c1, c2 in (3.4), then we obtain the solution given by (3.1). Inversely, it is obvious
that if u fulfills Eq. (3.1), then Eq. (3.2) and (3.3) are satisfied. 2

By applying the Banach fixed point theorem, we give our first result.

Theorem 3.4 Let f : J ×R → R be a continuous function satisfying the Lipschitz conditions:

(C1) |f(t, w)− f(t, w)| ≤ N1|w − w|, for t ∈ J , w, w ∈ R, N1 > 0.

Let

N1b
ν

[
3

Γ(ν + 1)
+

2

Γ(ν)
+

7

2Γ(ν − 1)

]
< 1. (3.5)

There exists a unique solution for BVP (1.1) and (1.2) on J .

Proof Convert BVP (1.1) and (1.2) into a fixed point problem. Define an operator
Q : C(J ,R) → C(J ,R) as

Qu(t) =
1

Γ(ν)

∫ t

0

(t− σ)ν−1f(σ, u(σ))dσ − 1

2Γ(ν − 2)
t2
∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ

+
b2

2dΓ(ν − 2)
t

∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ − 1

dΓ(ν)
t

×
∫ b

0

(b− σ)ν−1f(σ, u(σ))dσ +
b

dΓ(ν − 2)
t

∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ

− 1

dΓ(ν − 1)
t

∫ b

0

(b− σ)ν−2f(σ, u(σ))dσ +
b2

2dΓ(ν − 2)

×
∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ − 1

dΓ(ν)

∫ b

0

(b− σ)ν−1f(σ, u(σ))dσ

+
b

dΓ(ν − 2)

∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ − 1

dΓ(ν − 1)

×
∫ b

0

(b− σ)ν−2f(σ, u(σ))dσ +
u∗b
2
t2 +

ub
d
t− u0

d
t− u∗bb

2

2d
t− u∗bb

d
t

+u0 +
ub
d

− u0
d

− u∗bb
2

2d
− u∗bb

d
.

Undoubtedly, the fixed points of the operator Q are solutions of the BVP (1.1) and (1.2). We will apply
the Banach contraction principle to show that Q has a fixed point. We shall verify that Q is a contraction.

If u1, u2 ∈ C(J ,R), for t ∈ J we have
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|(Qu1)(t)− (Qu2)(t)| ≤
1

Γ(ν)

∫ t

0

(t− ϱ)ν−1|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b2

2Γ(ν − 2)

∫ b

0

(b− ϱ)ν−3|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b3

2dΓ(ν − 2)

∫ b

0

(b− ϱ)ν−3|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b

dΓ(ν)

∫ b

0

(b− ϱ)ν−1|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b2

Γ(ν − 2)

∫ b

0

(b− ϱ)ν−3|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b

dΓ(ν − 1)

∫ b

0

(b− ϱ)ν−2|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b2

2dΓ(ν − 2)

∫ b

0

(b− ϱ)ν−3|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
1

dΓ(ν)

∫ b

0

(b− ϱ)ν−1|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
b

dΓ(ν − 2)

∫ b

0

(b− ϱ)ν−3|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

+
1

dΓ(ν − 1)

∫ b

0

(b− ϱ)ν−2|f(ϱ, u1(ϱ))− f(ϱ, u2(ϱ))|dϱ

≤N1||u1 − u2||∞
Γ(ν)

∫ t

0

(t− ρ)ν−1dρ+
b2N1||u1 − u2||∞

2Γ(ν − 2)

×
∫ b

0

(b− ρ)ν−3dρ+
b3N1||u1 − u2||∞

2dΓ(ν − 2)

∫ b

0

(b− ρ)ν−3dρ

+
bN1||u1 − u2||∞

dΓ(ν)

∫ b

0

(b− ρ)ν−1dρ+
b2N1||u1 − u2||∞

dΓ(ν − 2)

×
∫ b

0

(b− ρ)ν−3dρ+
bN1||u1 − u2||∞

dΓ(ν − 1)

∫ b

0

(b− ρ)ν−2dρ

+
b2N1||u1 − u2||∞

2dΓ(ν − 2)

∫ b

0

(b− ρ)ν−3dρ+
N1||u1 − u2||∞
(b+ 2)Γ(ν)

×
∫ b

0

(b− ρ)ν−1dρ+
bN1||u1 − u2||∞

dΓ(ν − 2)

∫ b

0

(b− ρ)ν−3dρ

+
N1||u1 − u2||∞
dΓ(ν − 1)

∫ b

0

(b− ρ)ν−2dρ

≤N1b
ν

[
1

Γ(ν + 1)
+

1

2Γ(ν − 1)
+

1

2Γ(ν − 1)
+

1

Γ(ν + 1)
+

1

Γ(ν − 1)

+
1

Γ(ν)
+

1

2Γ(ν − 1)
+

1

Γ(ν + 1)
+

1

Γ(ν − 1)
+

1

Γ(ν)

]
||u1 − u2||∞.

Consequently we obtain

||Q(u1)−Q(u2)|| ≤ N1b
ν

[
3

Γ(ν + 1)
+

2

Γ(ν)
+

7

2Γ(ν − 1)

]
||u1 − u2||∞,

which, by (3.5), implies that Q is a contraction. We conclude that Q has a fixed point which is a solution of
the BVP (1.1) and (1.2) by applying Banach fixed point theorem. 2
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Next, one will apply Schaefer’s fixed point theorem to obtain the second result.

Theorem 3.5 Suppose that

(C2) f : J ×R → R is continuous;

(C3) there exists a fixed N2 > 0 satisfying

|f(t, z)| ≤ N2, t ∈ J , z ∈ R.

BVP (1.1) and (1.2) has at least one solution on J .

Proof We need to prove that the operator Q has a fixed point. The proof can be broken down into steps as
follows.

(1) Q is continuous.

If {un} is a sequence such that un → u in C(J ,R), then we have

|(Qun)(t)− (Qu)(t)| ≤ 1

Γ(ν)

∫ t

0

(t− ϑ)ν−1|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b2

2Γ(ν − 2)

∫ b

0

(b− ϑ)ν−3|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b3

2dΓ(ν − 2)

∫ b

0

(b− ϑ)ν−3|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b

dΓ(ν)

∫ b

0

(b− ϑ)ν−1|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b2

dΓ(ν − 2)

∫ b

0

(b− ϑ)ν−3|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b

dΓ(ν − 1)

∫ b

0

(b− ϑ)ν−2|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b2

2dΓ(ν − 2)

∫ b

0

(b− ϑ)ν−3|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
1

dΓ(ν)

∫ b

0

(b− ϑ)ν−1|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
b

dΓ(ν − 2)

∫ b

0

(b− ϑ)ν−3|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ

+
1

dΓ(ν − 1)

∫ b

0

(b− ϑ)ν−2|f(ϑ, un(ϑ))− f(ϑ, u(ϑ))|dϑ.

Because f is a continuous function, we have

||Q(un)−Q(u)||∞ → 0 as n→ ∞.

(2) Q maps bounded sets into bounded sets in C(J ,R) .
In fact, it suffices to verify that for ξ∗ > 0 there exists a fixed R1 > 0 satisfying u ∈ Bξ∗ = {u ∈ C(J ,R) :

||u||∞ ≤ ξ∗} we have ||Q(u)||∞ ≤ R1. From (C3), for t ∈ J , we have
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|Qu(t)| ≤ 1

Γ(ν)

∫ t

0

(t− σ)ν−1|f(σ, u(σ))|dσ

+
b2

2Γ(ν − 2)

∫ b

0

(b− σ)ν−3|f(σ, u(σ))|dσ

+
b3

2dΓ(ν − 2)

∫ b

0

(b− σ)ν−3|f(σ, u(σ))|dσ

+
b

dΓ(ν)

∫ b

0

(b− σ)ν−1|(σ, u(σ))|dσ

+
b2

dΓ(ν − 2)

∫ b

0

(b− σ)ν−3|f(σ, u(σ))|dσ

+
b

dΓ(ν − 1)

∫ b

0

(b− σ)ν−2|f(σ, u(σ))|dσ

+
b2

2dΓ(ν − 2)

∫ b

0

(b− σ)ν−3|f(σ, u(σ))|dσ

+
1

dΓ(ν)

∫ b

0

(b− σ)ν−1|f(σ, u(σ))|dσ

+
b

dΓ(ν − 2)

∫ b

0

(b− σ)ν−3|f(σ, u(σ))|dσ

+
1

dΓ(ν − 1)

∫ b

0

(b− σ)ν−2|f(σ, u(σ))|dσ

+ |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

[
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

]

≤ N2

Γ(ν)

∫ t

0

(t− σ)ν−1dσ +
b2N2

2Γ(ν − 2)

∫ b

0

(b− σ)ν−3dσ

+
b3N2

2dΓ(ν − 2)

∫ b

0

(b− σ)ν−3dσ +
bN2

dΓ(ν)

∫ b

0

(b− σ)ν−1dσ

+
b2N2

dΓ(ν − 2)

∫ b

0

(b− σ)ν−3dσ +
bN2

dΓ(ν − 1)

∫ b

0

(b− σ)ν−2dσ

+
b2N2

2dΓ(ν − 2)

∫ b

0

(b− σ)ν−3dσ +
N2

dΓ(ν)

∫ b

0

(b− σ)ν−1dσ

+
bN2

dΓ(ν − 2)

∫ b

0

(b− σ)ν−3dσ +
N2

dΓ(ν − 1)

∫ b

0

(b− σ)ν−2dσ

+ |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

[
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

]

≤ N2

Γ(ν + 1)
bν +

N2

2Γ(ν − 1)
bν +

N2

2Γ(ν − 1)
bν +

N2

Γ(ν + 1)
bν +

N2

Γ(ν − 1)
bν

+
N2

Γ(ν)
bν +

N2

2Γ(ν − 1)
bν +

N2

Γ(ν + 1)
bν +

N2

Γ(ν − 1)
bν +

N2

Γ(ν)
bν

+ |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |
[b2
2

+
b3

2d
+
b2

d
+
b2

2d
+
b

d

]
,

which implies that

||Qu||∞ ≤ 3N2

Γ(ν + 1)
bν +

2N2

Γ(ν)
bν +

7N2

2Γ(ν − 1)
bν

+
|u∗b |
2d

(2b3 + 5b2 + 2b) +
|ub|
d

(b+ 1) +
|u0|
d

(2b+ 3) := R1.
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(3) Q maps bounded sets into equicontinuous sets of C(J ,R) .

For m1,m2 ∈ J , m1 < m2, suppose that Bξ∗ is a bounded set of C(J ,R) like in (2). For any u ∈ Bξ∗ ,

we have

|Qu(m2)−Qu(m1)| =

∣∣∣∣∣ 1

Γ(ν)

∫ m1

0

[(m2 − ς)ν−1 − (m1 − ς)ν−1]f(ς, u(ς))dς

+
(m2 −m1)

2

Γ(ν − 2)

∫ m2

m1

(m2 − ς)ν−3f(ς, u(ς))dς +
(m2 −m1)

Γ(ν − 2)

×
∫ m2

m1

(m2 − ς)ν−3f(ς, u(ς))dς +
(m2 −m1)

Γ(ν)

×
∫ m2

m1

(m2 − ς)ν−1f(ς, u(ς))dς +
(m2 −m1)

Γ(ν − 2)

×
∫ m2

m1

(m2 − ς)ν−3f(ς, u(ς))dς +
(m2 −m1)

Γ(ν − 1)

×
∫ m2

m1

(m2 − ς)ν−2f(ς, u(ς))dς +
1

Γ(ν − 2)

×
∫ m2

m1

(m2 − ς)ν−3f(ς, u(ς))dς +
1

Γ(ν)

×
∫ m2

m1

(m2 − ς)ν−1f(ς, u(ς))dς +
1

Γ(ν − 2)

×
∫ m2

m1

(m2 − ς)ν−3f(ς, u(ς))dς +
1

Γ(ν − 1)

×
∫ m2

m1

(m2 − ς)ν−2f(ς, u(ς))dς

∣∣∣∣∣+ |u∗b |
2

(m2 −m1)
2

+
|ub|
d

(m2 −m1) +
|u0|
d

(m2 −m1) +
|u∗b |
2d

b2(m2 −m1)

+
|u∗b |
d
b(m2 −m1) + |u0|

(
1 +

1

d

)
+

|ub|
d

+ |u∗b |
( b2
2d

+
b

d

)
≤ N2

Γ(ν)

∫ m1

0

[(m1 − ς)ν−1 − (m2 − ς)ν−1]dς +
N2(m2 −m1)

2

Γ(ν − 2)

×
∫ m2

m1

(m2 − ς)ν−1dς +
N2(m2 −m1)

Γ(ν − 2)

∫ m2

m1

(m2 − ς)ν−1dς

+
N2(m2 −m1)

Γ(ν)

∫ m2

m1

(m2 − ς)ν−1dς +
N2(m2 −m1)

Γ(ν − 2)

×
∫ m2

m1

(m2 − ς)ν−1dς +
N2(m2 −m1)

Γ(ν − 1)

∫ m2

m1

(m2 − ς)ν−1dς

+
N2

Γ(ν − 2)

∫ m2

m1

(m2 − ς)ν−1dς +
N2

Γ(ν)

∫ m2

m1

(m2 − ς)ν−1dς

+
N2

Γ(ν − 2)

∫ m2

m1

(m2 − ς)ν−1dς +
N2

Γ(ν − 1)

∫ m2

m1

(m2 − ς)ν−1dς

+
|u∗b |
2

(m2 −m)2 +
|ub|
d

(m2 −m1) +
|u0|
b+ 2

(m2 −m1)

+
|u∗b |
2d

b2(m2 −m1) +
|u∗b |
d
b(m2 −m1)

+ |u0|
(
1 +

1

d

)
+

|ub|
d

+ |u∗b |
( b2
2d

+
b

d

)
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≤ N2

Γ(ν + 1)
[(m2 −m1)

ν +mν
1 −mν

2 ] +
N2

Γ(ν − 1)
(m2 −m1)

ν

+
N2

Γ(ν − 1)
(m2 −m1)

ν +
N2

Γ(ν + 1)
(m2 −m1)

ν

+
N2

Γ(ν − 1)
(m2 −m1)

ν +
N2

Γ(ν)
(m2 −m1)

ν

+
N2

Γ(ν − 1)
(m2 −m1)

ν +
N2

Γ(ν + 1)
(m2 −m1)

ν

+
N2

Γ(ν − 1)
(m2 −m1)

ν +
N2

Γ(ν)
(m2 −m1)

ν

+
|u∗b |
2

(m2 −m1)
2 +

|ub|
d

(m2 −m1) +
|u0|
d

(m2 −m1)

+
|u∗b |
2d

b2(m2 −m1) +
|u∗b |
d
b(m2 −m1)

+ |u0|
(
1 +

1

d

)
+

|ub|
d

+ |u∗b |
( b2
2d

+
b

d

)
→ 0 as m1 → m2.

In view of (1) to (3), it follows by Arzela-Ascoli theorem that Q : C(J ,R) → C(J ,R) is completely
continuous.

(4) A priori bounds.

Finally we will verify that the set

Ω = {u ∈ C(J ,R) | u = λQu, λ ∈ (0, 1)}

is bounded.

Let u ∈ Ω, u = λQu for λ ∈ (0, 1). Therefore, for t ∈ J , we have

u(t) =
λ

Γ(ν)

∫ t

0

(t− σ)ν−1f(σ, u(σ))dσ − λ

2Γ(ν − 2)
t2
∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ

+
λb2

2dΓ(ν − 2)
t

∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ − λ

dΓ(ν)
t

×
∫ b

0

(b− σ)ν−1f(σ, u(σ))dσ +
λb

dΓ(ν − 2)
t

∫ b

0

(b− σ)ν−3f(σ, u(σ)dσ

− λ

dΓ(ν − 1)
t

∫ b

0

(b− σ)ν−2f(σ, u(σ))dσ +
λb2

2dΓ(ν − 2)

×
∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ − λ

dΓ(ν)

∫ b

0

(b− σ)ν−1f(σ, u(σ))dσ

+
λb

dΓ(ν − 2)

∫ b

0

(b− σ)ν−3f(σ, u(σ))dσ − λ

dΓ(ν − 1)

×
∫ b

0

(b− σ)ν−2f(σ, u(σ))dσ + λ
u∗b
2
t2

+
λt

d

[
− u0 + ub −

u∗bb
2

2
− u∗bb

]
+ λu0

(
1− 1

d

)
+ λ

ub
d

− λu∗b

( b2
2d

+
b

d

)
.
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This indicates by (C3) that for t ∈ J we have

|u(t)| ≤ N2

Γ(ν)

∫ t

0

(t− ξ)ν−1dξ +
b2N2

2Γ(ν − 2)

∫ b

0

(b− ξ)ν−3dξ

+
b3N2

2dΓ(ν − 2)

∫ b

0

(b− ξ)ν−3dξ +
bN2

dΓ(ν)

∫ b

0

(b− ξ)ν−1dξ

+
b2N2

dΓ(ν − 2)

∫ b

0

(b− ξ)ν−3dξ +
bN2

dΓ(ν − 1)

∫ b

0

(b− ξ)ν−2dξ

+
b2N2

2dΓ(ν − 2)

∫ b

0

(b− ξ)ν−3dξ +
N2

dΓ(ν)

∫ b

0

(b− ξ)ν−1dξ

+
bN2

dΓ(ν − 2)

∫ b

0

(b− ξ)ν−3dξ +
N2

dΓ(ν − 1)

∫ b

0

(b− ξ)ν−2dξ

+ |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

[
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

]

≤ N2

νΓ(ν)
bν +

N2

2(ν − 2)Γ(ν − 2)
bν +

N2

2(ν − 2)Γ(ν − 2)
bν +

N2

νΓ(ν)
bν

+
N2

(ν − 2)Γ(ν − 2)
bν +

N2

(ν − 1)Γ(ν − 1)
bν +

N2

2(ν − 2)Γ(ν − 2)
bν

+
N2

νΓ(ν)
bν +

N2

(ν − 2)Γ(ν − 2)
bν +

N2

(ν − 1)Γ(ν − 1)
bν

+ |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

[
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

]
.

Hence for every t ∈ J we have

||u||∞ ≤ 3N2

Γ(ν + 1)
bν +

2N2

Γ(ν)
bν +

7N2

2Γ(ν − 1)
bν

+
|u∗b |
2d

(2b3 + 5b2 + 2b) +
|ub|
d

(b+ 1) +
|u0|
d

(2b+ 3) := R2.

We have shown that the set Ω is bounded. We can complete that Q has a fixed point which is a solution of
the BVP (1.1)-(1.2) by using Schaefer’s fixed point theorem. 2

Now we establish our existence results for the BVP (1.1) and (1.2) by employing the Leray-Schauder fixed point
theorem, here the assumption (C3) is diminished.

Theorem 3.6 Suppose that assumption (C2) holds. Define N2 = D1 + 1, where

D1 =||Iqφf ||1Lψ(N2) +
b2

2
(Iν−2φf )(b)ψ(N2) +

b3

2d
(Iν−2φf )(b)ψ(N2)

+
b

d
(Iνφf )(b)ψ(N2) +

b2

d
(Iν−2φf )(b)ψ(N2) +

b

d
(Iν−1φf )(b)

× ψ(N2) +
b2

2d
(Iν−2φf )(b)ψ(N2) +

1

d
(Iνφf )(b)ψ(N2)

+
b

d
(Iν−2φf )(b)ψ(N2) +

1

d
(Iν−1φf )(b)ψ(N2)

+ |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

(
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

)
.
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Suppose that

(C4) there exist a continuous nondecreasing function ψ : [0,∞) → (0,∞) and a function φf ∈ L1(J ,R+)

satisfying

|f(t, w)| ≤ φf (t)ψ(|w|), t ∈ J , w ∈ R.

Then the BVP (1.1) and (1.2) has at least one solution on J .

Proof We recognize the operator Q described in Theorems 3.4, 3.5. It is easy to prove that Q is continuous,
completely continuous. Let λ ∈ [0, 1]. Suppose u is such that for t ∈ J we have u(t) = λ(Qu)(t). By (C4) for
t ∈ J we have

|u(t)| ≤ 1

Γ(ν)

∫ t

0

(t− η)ν−1φf (η)ψ(|u(η)|)dη +
b2

2Γ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)ψ(|u(η)|)dη

+
b3

2dΓ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)ψ(|u(η)|)dη +
b

dΓ(ν)

×
∫ b

0

(b− η)ν−1φf (η)ψ(|u(η)|)dη +
b2

dΓ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)ψ(|u(η)|)dη

+
b

dΓ(ν − 1)

∫ b

0

(b− η)ν−2φf (η)ψ(|u(η)|)dη +
b2

2dΓ(ν − 2)

×
∫ b

0

(b− η)ν−3φf (η)ψ(|u(η)|)dη +
1

dΓ(ν)

∫ b

0

(b− η)ν−1φf (η)ψ(|u(η)|)dη

+
b

dΓ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)ψ(|u(η)|)dη +
1

dΓ(ν − 1)

×
∫ b

0

(b− η)ν−2φf (η)ψ(|u(η)|)dη + |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

(
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

)

≤ψ(||u||∞)
1

Γ(ν)

∫ t

0

(t− η)ν−1φf (η)dη + ψ(||u||∞)
b2

2Γ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)dη

+ ψ(||u||∞)
b3

2dΓ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)dη + ψ(||u||∞)
b

dΓ(ν)

×
∫ b

0

(b− η)ν−1φf (η)dη + ψ(||u||∞)
b2

dΓ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)dη

+ ψ(||u||∞)
b

dΓ(ν − 1)

∫ b

0

(b− η)ν−2φf (η)dη + ψ(||u||∞)
b2

2dΓ(ν − 2)

×
∫ b

0

(b− η)ν−3φf (η)dη + ψ(||u||∞)
1

dΓ(ν)

∫ b

0

(b− η)ν−1φf (η)dη

+ ψ(||u||∞)
b

dΓ(ν − 2)

∫ b

0

(b− η)ν−3φf (η)dη + ψ(||u||∞)
1

dΓ(ν − 1)

×
∫ b

0

(b− η)ν−2φf (η)dη + |u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

(
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

)
.
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Therefore

||u||∞
D2

≤ 1,

where

D2 = ψ(||u||∞)||Iνφf ||1L +
b2

2
(Iν−2φf )(b)ψ(||u||∞) +

b3

2d
(Iν−2φf )(b)ψ(||u||∞)

+
b

d
(Iνφf )(b)ψ(||u||∞) +

b2

d
(Iν−2φf )(b)ψ(||u||∞) +

b

d
(Iν−1φf )(b)

×ψ(||u||∞) +
b2

2d
(Iν−2φf )(b)ψ(||u||∞) +

1

d
(Iνφf )(b)ψ(||u||∞)

+
b

d
(Iν−2φf )(b)ψ(||u||∞) +

1

d
(Iν−1φf )(b)ψ(||u||∞)

+|u0|
( b
d
+ 1 +

1

d

)
+

|ub|
d

(1 + b) + |u∗b |

(
b2

2
+
b3

2d
+
b2

d
+
b2

2d
+
b

d

)
.

Put

W = {u ∈ C(J ,R) : ||u||∞ < D1 + 1}.

Clearly, Q : W → C(J ,R) is continuous, completely continuous. By the select of W, there is no u ∈ ∂W

satisfying u = λQ(u) for 0 < λ < 1. We can complete that Q has a fixed point u ∈ W, which is a solution of
the BVP (1.1)-(1.2) by employing the Leray-Schauder fixed point theorem [15]. 2

4. Applications

In this section, we present some examples to illustrate our results.

Example 4.1 Examine the fractional BVP

cDνu(t) =
e−t|u(t)|

(9 + et)(1 + |u(t)|)
, t ∈ J := [0, 1], ν ∈ (2, 3], (4.1)

u(0)− u′(0) = 0, u(1) + u′(1) = 1, u′′(1) = 0. (4.2)

Let

f(t, u) =
e−tu

(9 + et)(1 + u)
, (t, u) ∈ J × [0,∞).
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For u1, u2 ∈ [0,∞) and t ∈ J , one has

|f(t, u1)− f(t, u2)| =
e−t

(9 + et)

∣∣∣∣∣ u1
1 + u1

− u2
1 + u2

∣∣∣∣∣
=

e−t|u1 − u2|
(9 + et)(1 + u1)(1 + u2)

≤ e−t

(9 + et)
|u1 − u2|

≤ 1

10
|u1 − u2|,

where N1 = 1
10 .Thus, the assumption (C1) is satisfied. Choose b = 1. We will confirm that assumption (3.5)

holds. In fact,

N1b
ν

[
3

Γ(ν + 1)
+

2

Γ(ν)
+

7

2Γ(ν − 1)

]
< 1 ⇔ 3

Γ(ν + 1)
+

2

Γ(ν)
+

7

2Γ(ν − 1)
< 10. (4.3)

One has
1

2
≤ 3

Γ(ν + 1)
<

3

2
, 1 ≤ 2

Γ(ν)
< 2, (4.4)

and
7

2
≤ 7

2Γ(ν − 1)
< x, (4.5)

for an suitably selected constant x that will be defined. From (4.3)-(4.5), we can write as

3

Γ(ν + 1)
+

2

Γ(ν)
+

7

2Γ(ν − 1)
<

3

2
+ 2 + x < 10. (4.6)

From inequality (4.6), it follows that

x <
13

2
.

By (4.5) we obtain
7

13
≈ 0.538462 < Γ(ν − 1), (4.7)

which holds for some 2 < ν ≤ 3. Therefore, by Theorem 3.4, there exists a unique solution for the BVP (4.1)
and (4.2) on [0, 1]. It is easy to see that inequality (4.7) is satisfied for the values of ν.

Example 4.2 Consider the fractional BVP

cD
5
2u(t) =

cos2 t

(e−t + 3)2|u(t)|
, for (t, u) ∈ ([0, 1],R+), (4.8)

u(0)− u′(0) = 0, u(1) + u′(1) = 1, u′′(1) = 0, (4.9)
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where ν = 5
2 , b = 1, and f(t, u) :=

cos2 t

(e−t + 3)2|u|
.

We have

|f(t, u)| =
∣∣∣ cos2 t

(e−t + 3)2|u|

∣∣∣ ≤ 1

9
.

Choosing N2 = 1
9 , then by Theorem 3.5, the BVP (4.8)-(4.9) has at least one solution on [0, 1].

Example 4.3 Consider the fractional BVP

cD
5
2u(t) =

( 1

5 + 3t+ t2

)(1
3
× |u|7

1 + |u|6
+ 4
)
, t ∈ [0, 1], (4.10)

u(0)− u′(0) = 0, u(1) + u′(1) = 1, u′′(1) = 0, (4.11)

where ν = 5
2 , b = 1, and f(t, u) =

( 1

5 + 3t+ t2

)(1
3
× |u|7

1 + |u|6
+ 4
)
.

We have

|f(t, u)| ≤ 1

5 + 3t+ t2

(1
3
|u|+ 4

)
.

Choosing φf (t) =
1

5 + 3t+ t2
and ψ(|u|) = 1

3
|u|+ 4, then by Theorem 3.6, the BVP (4.10)-(4.11) has at least

one solution on [0, 1].
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